solution of exact differential equation

solution of exact differential equation is a fundamental concept in the study of differential equations,
particularly in mathematical analysis and applied mathematics. Exact differential equations are a special class
of first-order differential equations that can be solved by finding a potential function whose total differential
equals the given differential equation. This method provides a systematic approach to solving complex
problems in physics, engineering, and other scientific fields. In this article, the principles behind exact
differential equations will be explored, including how to identify exactness, methods to solve them, and
examples illustrating the practical application of these methods. Additionally, the importance of integrating
factors and their role in converting non-exact equations into exact ones will be discussed. Understanding
the solution of exact differential equation not only simplifies problem-solving but also enhances
comprehension of related mathematical concepts such as partial derivatives and total differentials. The
following sections offer a detailed exploration of these topics, structured to facilitate a clear and thorough

understanding.
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Understanding Exact Differential Equations

Exact differential equations form a subset of first-order differential equations that can be expressed in the
form M(x, y) dx + N(x, y) dy = 0, where M and N are functions of the variables x and y. The key
characteristic of an exact differential equation is that there exists a function w(x, y), called the potential
function, such that its total differential dy equals M dx + N dy. This implies that M and N are the partial
derivatives of y with respect to x and y, respectively, i.e., M = 0y/0x and N = 9y/0y. The solution of exact
differential equation involves identifying this potential function and setting it equal to a constant,
representing the implicit solution to the differential equation. This approach transforms the differential
equation into a problem of integrating partial derivatives, which is often simpler to handle than more

general methods applicable to non-exact equations.



Definition and Characteristics

An exact differential equation is defined by the existence of a scalar function y(x, y) such that the

differential equation can be written as dy = 0. The total differential dy is given by:
dy = (Op/dx) dx + (Ow/dy) dy = M dx + N dy.

For the equation to be exact, M and N must satisfy certain smoothness and continuity conditions in a simply

connected domain. The solution is then implicitly given by y(x, y) = C, where C is an arbitrary constant.

Importance in Mathematical Analysis

The classification of differential equations into exact and non-exact types allows for specialized solution
techniques. The solution of exact differential equation is particularly important because it leverages the
concept of potential functions, which parallels principles found in vector calculus and physics, such as
conservative fields and potential energy functions. This connection enriches both theoretical understanding

and practical applications in various scientific disciplines.

Conditions for Exactness

Before applying the method for finding the solution of exact differential equation, it is essential to verify
whether the given differential equation is exact. This verification relies on a condition derived from the
equality of mixed partial derivatives, a fundamental theorem in calculus. Specifically, if M and N have

continuous first partial derivatives, the differential equation M dx + N dy = 0 is exact if and only if:
OM/dy = ON/Ox.

This condition ensures the existence of a potential function y(x, y) whose total differential matches the
given equation. Checking this condition is a critical initial step, as it determines the appropriate method for

solving the differential equation.

Mathematical Justification

The condition for exactness arises from Clairaut's theorem on the equality of mixed partial derivatives.
Since y is twice continuously differentiable, the equality of mixed partial derivatives implies:
0%w/dxdy = 8°w/dydx.

Given M = 0y/0x and N = 0yp/0y, the condition translates to 9M/0y = 0N/0x. This equality is both
necessary and sufficient for the existence of the potential function y, confirming the exactness of the

differential equation.



Practical Checking Procedure

To check if a given differential equation is exact, follow these steps:

Identify M(x, y) and N(x, y) from the equation M dx + N dy = 0.

Compute the partial derivative of M with respect to y, dM/0y.

Compute the partial derivative of N with respect to x, 9N/9x.

Compare 0M/0y and ON/0x; if they are equal, the equation is exact.

Method for Finding the Solution of Exact Differential Equation

Once the exactness of the differential equation is established, the solution can be found by determining the
potential function y(x, y). The process involves integrating the functions M and N and combining the
results to express y explicitly. The implicit solution y(x, y) = C represents the general solution of the exact

differential equation.

Step-by-Step Solution Process

The standard procedure for solving an exact differential equation M dx + N dy = 0 includes the following

steps:
1. Integrate M(x, y) with respect to x, treating y as a constant, to find a partial potential function:
w(x, y) = [ M(x, y) dx + h(y), where h(y) is an unknown function of y.
2. Differentiate y(x, y) with respect to y:
Ow/dy = 0/0y [ M(x, y) dx] + h'(y).
3. Set this derivative equal to N(x, y), which gives:
/9y [ M(x, y) dx] + h'(y) = N(x, y).

4. Solve for h'(y) and integrate to find h(y).



5. Write the full potential function y(x, y) including h(y).

6. The general solution is y(x, y) = C, where C is an arbitrary constant.

Key Considerations

During the integration process, it is important to treat the other variable as constant to avoid errors. The
unknown function h(y) accounts for terms that are functions solely of y and are lost during the integration
with respect to x. This method ensures all terms of y(x, y) are captured accurately, resulting in a complete

implicit solution of the differential equation.

Integrating Factors for Non-exact Equations

Not all differential equations of the form M dx + N dy = 0 are exact. When the exactness condition dM/0y
= 0N/0x is not satisfied, the equation is non-exact, and the direct method for the solution of exact
differential equation cannot be applied. However, sometimes a function called an integrating factor can be
found, which when multiplied to the original equation, converts it into an exact equation. This technique

broadens the scope of solvable differential equations using the exact equation method.

Definition and Purpose of Integrating Factors

An integrating factor is a function u(x, y) such that multiplying the original differential equation by p

makes it exact. Formally, the equation becomes:

mx, y) Mdx + pu(x, y) Ndy =0,

which satisfies the exactness condition:
8/9y [u M] =8/0x [u N

Finding an appropriate integrating factor is often the key step in solving non-exact differential equations.

Common Types of Integrating Factors

Integrating factors often depend solely on one variable, either x or y. Common strategies include:

o Integrating factor depending on x: If (N/0x - 9M/dy)/M is a function of x alone, then p(x) = exp(§
P(x) dx) can be used.

o Integrating factor depending on y: If (8N/8x - 9M/dy)/N is a function of y alone, then pu(y) = exp(§



Q(y) dy) can be used.

e More complex integrating factors may depend on both variables, requiring advanced techniques or

transformations.

Procedure for Using Integrating Factors

The general procedure to apply integrating factors is as follows:

1. Check the exactness condition; if not exact, calculate (ON/0x - d9M/dy)/M and (dN/dx - dM/dy)/N.
2. Determine if either is a function of a single variable suitable for an integrating factor.

3. Compute the integrating factor u(x) or u(y) by integrating the corresponding function.

4. Multiply the original differential equation by 1 to obtain an exact equation.

5. Use the method for finding the solution of exact differential equation to solve the transformed

equation.

Examples of Solving Exact Differential Equations

Practical examples illustrate the application of theory to real problems, reinforcing understanding of the
solution of exact differential equation. The following examples demonstrate typical scenarios and the step-

by-step resolution process.

Example 1: Simple Exact Equation

Consider the differential equation:
(2xy + 3)dx + (x* +4y) dy = 0.

First, identify M and N:
e M=2xy+3

e N=x*+4y



Check exactness:

OM/dy = 2x, IN/Ox = 2x. Since they are equal, the equation is exact.
Integrate M with respect to x:

w(x y) = (2xy +3) dx =x’y + 3x + h(y).
Differentiating y with respect to y:

Ow/dy = x?+ h'(y).

Set equal to N:

x’+h'(y)=x’+4y > h(y) = 4y.

Integrate h'(y):

h(y)=2y*+C

The potential function is:

p(x, y) =x’y + 3x + 2y°

The implicit solution is:

X’y +3x +2y’=C

Example 2: Using an Integrating Factor
Consider the differential equation:

(y - 2x) dx + (x - 3y?) dy = 0.

Identify M and N:

e M=y-2x

. N=X-3y2

Check exactness:

OM/dy = 1, IN/0x = 1. They are equal, so the equation is exact.
Integrate M with respect to x:

w(x. y) = f (v - 2x) dx = xy - x* + h(y)

Differentiating @ with respect to y:

Aw/dy =x + h'(y).

Set equal to N:

x+hiy)=x-3y’=hiy)=-3y"

Integrate h'(y):



h(y)=-y’+C

The potential function is:

p(x y) =xy-x-y’
The implicit solution is:

xy -x’-y’=C

Summary of Solution Steps

In solving exact differential equations, the following checklist is essential:

Confirm the equation’s exactness by verifying the equality of partial derivatives.

Integrate M with respect to x to find the initial form of the potential function.

Differentiate the potential function with respect to y and equate it to N.

Determine and integrate the function h(y) to complete the potential function.

Express the implicit solution as y(x, y) = C.

If the equation is not exact, identify and apply an appropriate integrating factor.

Frequently Asked Questions

What is an exact differential equation?

An exact differential equation is a first-order differential equation that can be expressed in the form
M(x,y)dx + N(x,y)dy = 0, where there exists a function F(x,y) such that dF = M dx + N dy. This means

the equation represents the total differential of some function F(x,y).

How do you check if a differential equation is exact?

To check if M(x,y)dx + N(x,y)dy = 0 is exact, verify whether the partial derivatives satisfy \( \frac{\partial
M}{\partial y} = \frac{\partial N}{\partial x} \). If this condition holds in a simply connected domain, the

equation is exact.



What is the general method to solve an exact differential equation?

First, confirm the equation is exact. Then, find a potential function F(x,y) such that \( \frac{\partial
F}{\partial x} = M \) and \( \frac{\partial F}{\partial y} = N \). Integrate M with respect to x and include
an unknown function of y, then differentiate and compare with N to find that function. The solution is

given implicitly by F(x,y) = C.

Can an inexact differential equation be made exact?

Yes, an inexact differential equation can sometimes be made exact by multiplying it by an integrating

factor, which is a function of x, y, or both, that makes the new equation satisfy the exactness condition.

What is an integrating factor in the context of exact differential

equations?

An integrating factor is a function, typically denoted u(x) or u(y), that when multiplied by an inexact
differential equation, transforms it into an exact differential equation, enabling it to be solved by the

method for exact equations.

Why is the concept of exact differential equations important in physics
and engineering?

Exact differential equations often correspond to conservative systems where a potential function exists.
They are important because they allow the determination of potential energy, streamline solving complex

systems, and are widely used in thermodynamics, fluid mechanics, and electromagnetism.

How do you find the integrating factor for a non-exact differential
equation?

To find an integrating factor, check if a function of x alone or y alone can make the equation exact. For
example, if \( \frac{\partial}{\partial y} \left( \frac{M}{N} \right) \) is a function of x only, then an
integrating factor depending on x can be found by solving a related differential equation. Similar logic

applies for y.

What is the significance of the function F(x,y) in solving exact
differential equations?

The function F(x,y) is the potential function whose total differential equals the given differential

expression. Its level curves F(x,y) = C represent implicit solutions to the exact differential equation.



Are all first-order differential equations exact?

No, not all first-order differential equations are exact. Many are inexact but can sometimes be made exact
by multiplying by an integrating factor. Exact equations are a special class with specific conditions on their

partial derivatives.

Additional Resources

1. Exact Differential Equations and Their Applications

This book provides a comprehensive introduction to exact differential equations, focusing on methods to
identify and solve them. It includes numerous examples from physics and engineering to illustrate practical
applications. The text is suitable for advanced undergraduates and graduate students looking to deepen their

understanding of differential equations.

2. Advanced Techniques in Solving Exact Differential Equations
Designed for students and researchers, this book delves into sophisticated methods for solving exact
differential equations. It covers integrating factors, transformations, and more complex solution strategies.

The author also discusses the theoretical underpinnings that guarantee the existence of exact solutions.

3. Differential Equations: Exact, Linear, and Nonlinear Methods

This comprehensive guide covers a wide range of differential equation types, with a dedicated section on
exact differential equations. It balances theory with practical solution techniques and includes exercises to
reinforce learning. The book is ideal for those seeking a broad yet detailed understanding of differential

equations.

4. Applied Methods for Exact Differential Equations
Focusing on real-world applications, this text explores how exact differential equations arise in various
scientific fields. It provides step-by-step methods to solve these equations and interpret their solutions in

context. Case studies from thermodynamics and fluid mechanics are featured prominently.

5. Integrating Factors and Exact Ditferential Equations
This specialized book zeroes in on the concept of integrating factors as a tool to solve non-exact differential
equations by transforming them into exact ones. It explains the theory behind integrating factors and offers

numerous examples and exercises. The text is valuable for students aiming to master this critical technique.

6. Foundations of Exact Differential Equations

Offering a rigorous mathematical treatment, this book lays down the foundational concepts of exact
differential equations. It includes proofs, theorems, and detailed explanations that support the solution
methods presented. Suitable for mathematics majors, it provides a deep insight into the structure of

differential equations.

7. Exact Solutions in Differential Equations



This book compiles a variety of exact solutions to different types of differential equations, with a strong
emphasis on exact differential equations. It serves as a reference for researchers needing explicit solutions

for modeling and analysis. The material includes classical and contemporary solution techniques.

8. Difterential Equations with Applications to Engineering: Exact Methods

Tailored for engineering students, this text highlights the role of exact differential equations in solving
engineering problems. It integrates theoretical explanations with practical examples from electrical,
mechanical, and civil engineering. The book aims to bridge the gap between mathematical theory and

engineering practice.

9. Techniques and Applications of Exact Differential Equations

This book explores various techniques to identify and solve exact differential equations and discusses their
applications across multiple disciplines. It emphasizes problem-solving strategies and includes a wealth of
exercises for hands-on learning. The content is suitable for both students and professionals interested in

applied mathematics.
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