solution of schrodinger equation for a free particle

solution of schrodinger equation for a free particle is a fundamental topic in quantum mechanics that
describes the behavior of a particle not subjected to any external forces or potential fields. Understanding
this solution provides insight into the wave-like nature of particles, the concept of wavefunctions, and the
probabilistic interpretation of quantum states. The Schrédinger equation, which governs the dynamics of
quantum systems, simplifies significantly for a free particle, allowing for explicit analytical solutions. These
solutions form the basis for more complex scenarios such as particles in potentials, quantum tunneling, and
scattering problems. This article delves into the derivation, interpretation, and physical significance of the
solution of Schrédinger equation for a free particle, highlighting key mathematical steps and conceptual
frameworks. Additionally, the discussion includes the properties of free particle wavefunctions, the role of
momentum eigenstates, and implications for quantum mechanics as a whole. The following sections

provide a structured exploration of these topics.

Mathematical Formulation of the Schrédinger Equation for a Free Particle

Derivation of the Free Particle Wavefunction

Physical Interpretation of the Solution

Properties of Free Particle Wavefunctions

Applications and Implications in Quantum Mechanics

Mathematical Formulation of the Schrédinger Equation for a
Free Particle

The Schrédinger equation is the fundamental equation of non-relativistic quantum mechanics that describes
how the quantum state of a physical system changes over time. For a free particle, which is a particle
moving in space without any potential energy influences, the time-dependent Schrédinger equation takes

a simplified form. The absence of potential energy implies that the potential term V(x) = 0 everywhere.

Mathematically, the time-dependent Schrédinger equation for a single free particle of mass m in one

dimension is expressed as:
it Ow(x,t)/8t = -(h%/2m) 8*w(x,t)/0x?
Here, y(x,t) is the wavefunction of the particle, h is the reduced Planck’s constant, and the operator on the

right-hand side represents the kinetic energy of the particle. This partial differential equation governs the

time evolution of the wavefunction.



Time-Independent Schrédinger Equation for a Free Particle

In many scenarios, it is useful to separate the time dependence and spatial dependence of the wavefunction
using the method of separation of variables. Assuming a solution of the form y(x,t) = ¢(x)T(t), the time-

independent Schrédinger equation emerges as:
-(h%/2m) d°p(x)/dx? = Ep(x)

where E is the energy eigenvalue associated with the particle's state. This equation is an eigenvalue

problem for the kinetic energy operator, and its solutions define the stationary states of the free particle.

Derivation of the Free Particle Wavefunction

The derivation of the solution to the Schrédinger equation for a free particle involves solving the spatial
differential equation stated above. The equation is a second-order linear differential equation with constant

coefficients, which leads to well-known general solutions.

General Solution to the Spatial Equation
The time-independent equation can be rewritten as:
d%o(x)/dx? + k’p(x) = 0

where k = sqrt(2mE)/h is the wave number related to the particle’'s momentum. The general solution to

this equation is a linear combination of plane waves:

* ¢(x) = Ae'(ikx) + Be'(-ikx)

Here, A and B are complex constants determined by boundary conditions or normalization requirements.

These solutions correspond to waves traveling in the positive and negative x-directions, respectively.

Inclusion of Time Dependence

Multiplying the spatial solution by the time-dependent factor derived by separation of variables yields the

full time-dependent wavefunction:
p(x,t) = Ae'(i(kx - wt)) + Be'(-i(kx + wt))

where w = E/h = hk?/(2m) is the angular frequency associated with the energy eigenvalue E. This

expression represents a superposition of two plane waves moving in opposite directions.



Physical Interpretation of the Solution

The solution of Schrodinger equation for a free particle reveals several fundamental aspects of quantum

mechanics, including the wave-particle duality and the probabilistic nature of quantum states.

Wavefunction and Probability Density

The wavefunction y(x,t) contains all the information about the quantum state of the particle. The square of
its magnitude, [p(x,t)?, represents the probability density of finding the particle at position x at time t. For
the free particle solutions, the plane waves have a constant magnitude, implying an equal probability of

finding the particle anywhere in space, consistent with the particle being free and unlocalized.

Momentum Eigenstates

The plane wave solutions are also eigenfunctions of the momentum operator, with eigenvalues thk,
corresponding to definite momentum states. This means that a free particle described by a plane wave has a

well-defined momentum but is completely delocalized in position space.

Properties of Free Particle Wavefunctions

Free particle wavefunctions exhibit several distinctive properties that are significant in both theoretical and

practical contexts in quantum mechanics.

Non-Normalizability of Plane Waves

One important aspect of the plane wave solutions is that they are not square-integrable over all space,
meaning they cannot be normalized to unity. This reflects the idealization of a perfectly free particle with a

definite momentum extending infinitely in space.

Wave Packets and Localization

To represent physically realizable states, free particle wavefunctions are often constructed as wave packets,
which are superpositions of plane waves with a range of momenta. These wave packets can be localized in

space and evolve over time according to the Schrédinger equation, spreading as they propagate.



Key Properties of Free Particle Wavefunctions

Described by plane wave solutions with definite momentum.

Delocalized in position space, leading to uniform probability densities.

¢ Non-normalizable as pure plane waves, necessitating wave packet construction.

Exhibit dispersion over time when formed as wave packets.

¢ Fundamental building blocks for more complex quantum states.

Applications and Implications in Quantum Mechanics

The solution of Schrédinger equation for a free particle serves as the foundation for many advanced topics

and practical applications within quantum mechanics and related fields.

Basis for Quantum Scattering Theory

Free particle solutions are essential in describing incoming and outgoing states in scattering problems. They
provide the asymptotic forms of wavefunctions when particles interact with potential barriers or other

systems.

Quantum Transport and Solid State Physics

In solid state physics, free electron models approximate conduction electrons in metals as free particles. The
plane wave solutions underpin the understanding of electron behavior, electrical conductivity, and band

structure formation.

Fundamental Conceptual Role

The free particle solution illuminates the fundamental principles of quantum mechanics, such as the
Heisenberg uncertainty principle and the complementary nature of position and momentum observables. It

also demonstrates how quantum states can be described in momentum space.



Frequently Asked Questions

What is the Schrédinger equation for a free particle?

The Schrédinger equation for a free particle is given by the time-dependent equation: ih dy/8t = -(h*/2m)
quj, where y is the wavefunction, fi is the reduced Planck's constant, m is the particle's mass, and V2 is the

Laplacian operator representing the second spatial derivative.

How is the wavefunction of a free particle represented?

The wavefunction of a free particle is generally represented as a plane wave solution: y(x,t) = A exp[i(k'x -
wt)], where A is the amplitude, k is the wave vector, and w is the angular frequency related to the

particle's energy.

‘What does the solution of the Schrédinger equation for a free particle
signify physically?

The solution represents a particle with definite momentum and energy traveling freely without any
potential acting on it. The plane wave solution implies the particle is delocalized over all space with a

uniform probability density.

Can the free particle wavefunction be normalized?

A pure plane wave solution cannot be normalized over all space because it extends infinitely and has
constant amplitude. However, wave packets constructed from superpositions of plane waves can be

normalized and represent localized particles.

What is the energy spectrum of a free particle according to the
Schrodinger equation?

The energy spectrum of a free particle is continuous and given by E = h’k?*/(2m), where k is the wave

number. This indicates that a free particle can have any positive kinetic energy.

How does the time-independent Schrédinger equation apply to a free
particle?

For a free particle, the time-independent Schrédinger equation reduces to -(h%/2m) d*y/dx* = Ey. Its

solutions are sinusoidal functions (plane waves) indicating free propagation with energy E.



‘What role does the momentum operator play in the free particle solution?

The momentum operator in quantum mechanics is given by p = -ih 9/0x. The free particle wavefunction
being a plane wave is an eigenfunction of the momentum operator with eigenvalue hk, representing

definite momentum.

How are wave packets formed from free particle solutions?

Wave packets are formed by superposing multiple plane wave solutions with different wave numbers.

This superposition creates a localized wavefunction that can represent a particle localized in space and time.

Why is the free particle solution important in quantum mechanics?

The free particle solution serves as a fundamental basis for understanding more complex quantum systems.
It provides insights into momentum eigenstates, wave packet dynamics, and forms the starting point for

scattering theory and perturbation methods.

Additional Resources

1. Quantum Mechanics: Concepts and Applications

This book by Nouredine Zettili offers a clear and comprehensive introduction to quantum mechanics,
including detailed solutions to the Schrédinger equation for various potentials. It provides step-by-step
methods for solving the free particle case, making it accessible for both students and researchers. The text

also includes numerous examples and exercises to reinforce understanding.

2. Principles of Quantum Mechanics

Authored by R. Shankar, this textbook covers fundamental quantum mechanics principles with an
emphasis on problem-solving. The treatment of the free particle Schrédinger equation is thorough,
illustrating the physical interpretation and mathematical techniques involved. It is well-suited for advanced

undergraduates and graduate students.

3. Introduction to Quantum Mechanics

David J. Griffiths’ widely used textbook introduces quantum theory with clarity and precision. The book
dedicates sections to solving the Schrédinger equation for a free particle, focusing on wavefunction
interpretation and boundary conditions. Its accessible style makes complex ideas easier to grasp for

newcomers.

4. Quantum Mechanics and Path Integrals

By Richard P. Feynman and Albert R. Hibbs, this book explores quantum mechanics through the path
integral formulation, offering an alternative approach to solving the free particle problem. It provides deep
insights into the evolution of quantum states and the underlying physics beyond the traditional

Schrédinger equation.



5. Modern Quantum Mechanics

J. J. Sakurai’s book is a standard reference for graduate-level quantum mechanics, presenting advanced
methods for solving the Schrédinger equation. The free particle solution is discussed with a focus on
momentum eigenstates and wave packet dynamics. The text combines rigorous mathematics with physical

intuition.

6. Quantum Mechanics: A Modern Development
Leslie E. Ballentine provides a clear, modern perspective on quantum mechanics, emphasizing statistical
interpretation. The treatment of the free particle includes detailed mathematical derivations and physical

implications, suitable for readers seeking deeper understanding of foundational concepts.

7. Quantum Theory: Concepts and Methods
By A. Peres, this book offers a conceptual and mathematical foundation for quantum mechanics, including
the solution of the free particle Schrédinger equation. It highlights the role of symmetry and measurement

theory, enriching the standard approach with broader theoretical context.

8. Introduction to Quantum Physics
Written by Harry J. Lipkin, this concise text introduces the basics of quantum physics with illustrative
examples. The free particle solution to the Schrédinger equation is presented clearly, making it ideal for

beginners and those interested in practical problem-solving techniques.

9. Quantum Mechanics: Fundamentals and Applications
This textbook by Arno Bohm covers fundamental principles and applications of quantum mechanics,
including detailed discussions on free particle solutions. It emphasizes mathematical rigor and physical

interpretation, providing a balanced approach for students and practitioners alike.
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