spectral geometry riemannian submersions
and the gromov lawson conjecture

Spectral geometry is a fascinating area of mathematics that investigates the relationships between
the geometric properties of a manifold and the spectra of associated differential operators,
particularly the Laplace operator. One of the key structures in spectral geometry is the concept of
Riemannian submersions, which provide a way to understand how different geometric spaces can be
related through their projections. Within this framework, the Gromov-Lawson conjecture emerges as a
pivotal question linking topology, geometry, and analysis, particularly in the context of positive scalar
curvature. This article delves into the intricacies of spectral geometry, the role of Riemannian
submersions, and the implications of the Gromov-Lawson conjecture.

Spectral Geometry: An Overview

Spectral geometry primarily focuses on the study of geometric objects through the lenses of spectral
theory. The main objects of interest are Riemannian manifolds, which are smooth manifolds equipped
with a Riemannian metric. This metric allows for the definition of various geometric concepts, such as
lengths, angles, and volumes.

Key Concepts in Spectral Geometry

1. Laplace Operator: The Laplace operator (or Laplacian) is a crucial differential operator in spectral
geometry. It is defined on Riemannian manifolds and plays a central role in understanding how
functions behave on these spaces. The eigenvalues of the Laplacian provide significant information
about the geometry of the manifold.

2. Spectrum of the Laplacian: The spectrum consists of the eigenvalues of the Laplacian operator.
These eigenvalues can be interpreted geometrically; for instance, they are related to the volume and
curvature of the manifold.

3. Geometric Invariants: Spectral geometry often seeks to relate spectral invariants (like the
eigenvalues of the Laplacian) to geometric invariants (such as volume, curvature, and topology). The
study of these relationships can lead to profound insights about the nature of the manifold.

4. Heat Kernel: The heat kernel is a fundamental solution to the heat equation associated with the

Laplacian. It encodes information about the geometry of the manifold and can be used to derive
spectral invariants.

Riemannian Submersions

Riemannian submersions are a particular type of smooth map between Riemannian manifolds that
preserves the Riemannian structure in a specific way. They provide a useful framework for



understanding the relationships between different manifolds.

Definition and Properties

A smooth map \( \pi: (M, g_M) \rightarrow (B, g_B) \) between Riemannian manifolds is called a
Riemannian submersion if it satisfies the following properties:

- Local Triviality: For every point \( p \in M), there exists a neighborhood \( U \) of \( p \) such that \(
\pi™{-1}(\pi(U)) \) is diffeomorphic to \( U \times F\), where \( F ) is a typical fiber.

- Fiber Structure: The fibers of the submersion are smooth submanifolds of \( M \).

- Orthogonal Projection: The differential of \( \pi \) at any point is surjective, and the vertical tangent
space (the tangent space to the fibers) is orthogonal to the horizontal tangent space.

Examples of Riemannian Submersions

1. Circle Bundles: The projection from a 3-dimensional sphere \( S*3\) to a circle \( S*1) via the
Hopf fibration is a classic example of a Riemannian submersion.

2. Product Manifolds: The projection from \( M \times F\) to \( M) is a trivial Riemannian submersion,
where \( M) is a Riemannian manifold and \( F ) is a fiber.

3. Spherical Geometry: The Riemannian submersion from the unit sphere \( S™n\) to the projective
space \( \mathbb{RP}”~n) is another significant example.

The Gromov-Lawson Conjecture

The Gromov-Lawson conjecture, formulated in the 1980s, posits a deep relationship between the
topology of manifolds and the existence of metrics of positive scalar curvature. Specifically, it states
that:

Every simply connected, closed manifold of dimension greater than or equal to 5 that admits a

Riemannian metric of positive scalar curvature must also admit a Riemannian metric of positive scalar
curvature that is compatible with a Riemannian submersion onto a manifold of lower dimension.

Implications of the Conjecture

The Gromov-Lawson conjecture has several important implications in differential geometry and
topology:

1. Existence of Metrics: It suggests that the existence of certain metrics is more prevalent than
previously understood, extending the study of manifolds with positive scalar curvature.



2. Topology and Geometry: The conjecture highlights the interplay between topological properties
(like simple connectivity) and geometric structures (like metrics of positive scalar curvature).

3. Applications to Index Theory: The conjecture has connections to index theory, particularly the index
of elliptic operators, and can lead to new insights in both spectral geometry and algebraic topology.

Current Status and Research Directions

While the Gromov-Lawson conjecture has not yet been proven in all cases, significant progress has
been made in specific dimensions and under certain conditions. Some avenues of ongoing research
include:

- Counterexamples: Researchers are exploring potential counterexamples that could disprove the
conjecture or demonstrate its limitations in specific contexts.

- Higher Dimensions: Investigating the conjecture in dimensions greater than 5, where the conjecture
is still open, poses interesting challenges and opportunities for discovery.

- Connections to Other Conjectures: The Gromov-Lawson conjecture is closely related to other
significant conjectures in the field, such as the Schoen-Yau conjecture and the positive mass
conjecture.

Conclusion

Spectral geometry, through the lens of Riemannian submersions, provides a rich framework for
understanding the intricate relationships between geometry, topology, and analysis. The Gromov-
Lawson conjecture serves as a central question that ties these concepts together, inviting
mathematicians to explore the depths of scalar curvature and its implications for manifold theory. As
research progresses, the interplay between these areas continues to yield fruitful insights, making
spectral geometry a vibrant and essential field within mathematics. The ongoing exploration of the
Gromov-Lawson conjecture promises to unlock new understandings of the geometric structures that
govern our universe.

Frequently Asked Questions

What is spectral geometry and how does it relate to
Riemannian submersions?

Spectral geometry studies the relationship between the geometric properties of a manifold and the
spectra of differential operators, particularly the Laplace operator. Riemannian submersions, which
are smooth mappings that preserve the Riemannian metric structure, allow for the examination of
how the spectral properties of the base manifold relate to those of the total space.



Can you explain the Gromov-Lawson conjecture in simple
terms?

The Gromov-Lawson conjecture posits that a Riemannian manifold that admits a metric of positive
scalar curvature must also be a manifold that can be immersed into a flat Euclidean space. This
conjecture connects geometric analysis and topology, suggesting restrictions on the types of
manifolds that can support such metrics.

What role do Riemannian submersions play in proving the
Gromov-Lawson conjecture?

Riemannian submersions help in constructing examples and counterexamples related to the Gromov-
Lawson conjecture. By analyzing the spectral properties and curvature of the base and total spaces in
these submersions, researchers can gain insights into the conditions under which the conjecture holds
or fails.

What is the significance of the scalar curvature in the context
of the Gromov-Lawson conjecture?

Scalar curvature is a crucial geometric invariant that influences the topology and analysis on a
manifold. In the context of the Gromov-Lawson conjecture, manifolds with positive scalar curvature
are of particular interest, as the conjecture addresses the existence of metrics with such curvature in
relation to the manifold's topology.

Have there been any recent developments in the study of the
Gromov-Lawson conjecture?

Yes, recent advancements include new techniques in differential geometry and topology that have led
to partial results supporting the conjecture. Additionally, researchers are exploring relationships
between the conjecture and other geometric flows, such as Ricci flow, which may provide new
insights.

What are some applications of spectral geometry in
understanding Riemannian submersions?

Spectral geometry has applications in quantum mechanics and mathematical physics, where the
spectrum of the Laplacian can inform about the vibrational modes of manifolds. In Riemannian
submersions, these applications extend to understanding how geometric structures influence physical
systems modeled on these manifolds.

How do Riemannian submersions facilitate the study of
manifolds with varying curvature?

Riemannian submersions allow for the decomposition of a manifold into simpler components, where
each component may have different curvature properties. This decomposition aids in analyzing the
global geometric structure and facilitates the application of techniques from spectral geometry to
understand curvature interactions.



What is the relationship between the Gromov-Lawson
conjecture and other conjectures in differential geometry?

The Gromov-Lawson conjecture is related to several other conjectures in differential geometry, such
as the Schoen-Yau conjecture, which also deals with scalar curvature and topology. These conjectures
collectively investigate the interplay between geometric structures and topological invariants, leading
to a deeper understanding of manifold classifications.
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